The article compares the results of trajectory computation for a 35 mm projectile using two forms (explicit and implicit) of the modified point-mass trajectory model. All necessary ammunition parameters (aerodynamic coefficients, dimensions, mass etc.) and initial conditions for differential equations are provided. The results of numerical integration (using non-stiff fourth-order Runge-Kutta solver) are presented in form of projectile trajectories projections onto vertical and horizontal planes. Data tables comparing both models in terms of projectile position and velocity in chosen time steps are also attached.
Introduction
One of the requirements for algorithms implemented in Fire Control Systems (e.g. probability calculation via initial condition error propagation, finding fire-control solution) is limited runtime. Some of FCS algorithms require the use of a certain model of the projectile trajectory. The basic approach to projectile trajectory calculations is to use a Modified Point-Mass Trajectory Model (MPMTM), also known as the four degree-of-freedom model or the Lieske model (after an American R. Lieske, who initiated its widespread usage), whose foundations were introduced by Lieske and Reiter (1966) . One of the MPMTM implementations is presented in (STANAG 4355, 2009 ) and exemplary calculations based on it were published by Baranowski (2013) , McCoy (1999), Coleman et al. (2003) .
A significant weakness of this MPMTM representation is the iterative method for determining the yaw of repose, which makes this approach time consuming. In order to overcome this limitation, a new explicit form of the MPMTM was proposed by Baranowski et al. (2016) .
The aim of this paper is to compare both implicit and explicit forms of MPMTM. The two model variations are analyzed in terms of the obtained results and runtime. Firstly, we characterize the differential equations describing motion of the projectile for both forms. We also provide initial conditions for the equations of motion as well as other necessary parameters of the mathematical model such as:
• physical parameters of the chosen 35 mm ammunition;
• values of aerodynamic coefficients of the projectile;
• atmospheric conditions used in simulation tests.
Calculations of 35 mm projectile trajectories are conducted for standard atmospheric conditions (STANAG 4119, 2007 ) considering three different scenarios, i.e.:
• no wind present along the projectile trajectory;
• homogeneous cross wind introduced along the projectile trajectory;
• homogeneous tail wind introduced along the projectile trajectory.
The runtimes of integration of the projectile path for different elevation angles for both the explicit and implicit forms have been measured and later compared. In order to enhance model analysis, we have used MATLAB scripts and built-in functions.
Projectile motion models

Modified point-mass trajectory model (MPMTM) -implicit form
The basic MPMTM is a conventional point-mass model but, in addition, the instantaneous equilibrium yaw is calculated at each time step along the trajectory. It provides estimates of yaw and drag, lift, and Magnus force effects resulting from the yaw of repose. The assumptions made at the stage of model derivation require that the projectile is dynamically stable, only the most essential forces and moments are taken into account, transition processes in projectile oscillatory motion around its center of mass are ignored due to replacement of the total angle of attack α t with the yaw of repose α e .
The mathematical model of artillery projectile 3D motion, according to the implicit form of the MPMTM, contains the following equations (Baranowski, 2013; Coleman et al., 2003) :
-dynamic differential equation of motion of the projectile center of mass
-dynamic equation for rotation around the projectile axis of symmetry dp dt
-equation of the yaw of repose vector
where DF, LF, MF, g are the drag, lift, Magnus and gravity force vector, respectively
The meaning of letter symbols used in equations (2.1)-(2.4) is as follows: ρ -density of air, dcaliber of the projectile, m -mass of the projectile, v -velocity of the projectile with respect to the air: v = u−w, u -velocity of the projectile with respect to a ground -fixed reference system, w -velocity of the wind, p -angular velocity of the spinning motion, I x -moment of inertia along the axis of the projectile, C spin -spin damping coefficient,
fitting factors for the drag, lift, Magnus force and yaw drag, respectively, g -gravitational acceleration.
In the above equations of motion of the projectile, the Coriolis force is neglected. In our calculations we assumed (unlike in the model described in STANAG 4355) constant gravity force along the projectile trajectory as we considered only ground firing trajectories. It is worth mentioning that we also assumed C M α 3 = C L α 3 = 0 during the simulations (as a result of linear dependency of C L and C M on α).
Modified point-mass trajectory model -explicit form
In the form presented in the previous Section, the vector α e depends onu, which results in a differential equation being defined by an implicit function. The derivation of the explicit MPMTM was introduced by Baranowski et al. (2016) . In the equations of motion of the projectile, the Coriolis force is neglected and the gravitational force is constant. The differential equations for the final form of the explicit model are as follows:
where x is the three-dimensional position vectoṙ
Dimensionless coefficients used in equations are
The above equations describe the case in which the wind is homogeneous within the interval of integration, i.e.ẇ = 0. Please note, that rigorously it is not equivalent to a constant wind, merely that the wind is constant along the flight path. Nevertheless, in practice, such phenomena are almost impossible to occur in ballistics. The dimensionless coefficients are given as
Let us recall that from (Baranowski et al., 2016) it follows that the explicit and implicit forms of the MPMTM are equivalent.
Physical model
The flight simulation computer program of artillery projectiles requires determination of the socalled physical model (Koruba et al., 2010; Kowaleczko and Żyluk, 2009 ; Ładyżyńska-Kozdraś, 2012) which includes the following characteristics:
• geometries, mass and inertial, aerodynamic characteristics of the projectile,
• surrounding environment (density, viscosity, temperature, pressure, velocity and wind direction depending on weather, flight altitude, etc.).
35 mm TP-T ammunition parameters used in the simulation tests are as follows:
• projectile mass m = 0.55 kg,
• projectile muzzle velocity v = 1180 m/s,
• projectile axial moment of inertia I x = 0.97 · 10 −4 kg m 2 .
In the process of trajectory generation, we have used aerodynamic coefficients obtained for 35 mm TP-T ammunition from PRODAS software (Baranowski and Furmanek, 2013) . The coefficients of aerodynamic drag, lift force and spin dumping moment have been interpolated using polynomials in the following form (Pope, 1978; Shanks and Walton, 1957 )
where
where C(Ma) is an aerodynamic coefficient dependent on the Mach number and a 0 , a 1 In order to compare explicit and implicit forms of the MPMTM, the projectile is "shot" from the origin at [0, 0, 0] along the x axis with the quadrant elevation QE equal to 710 mils -the angle of the maximum range for chosen 35 mm ammunition. The initial angular velocity of the spinning motion is calculated using p = 2πv 27.57d (3.3) where the number 27.57 reflects the length of the revolution of the rifling in caliber units. The initial time instance is obviously gauged to zero. As it was mentioned before, the gravitational force is constant along the projectile trajectory with the gravitational acceleration g = 9.80665 m/s 2 . The flight of projectile is simulated in standard atmospheric conditions (ISO 2533 (ISO , 1975 ) both without and with homogeneous non-zero wind.
Simulation tests results
In this Section we present and compare the results of flight simulation tests of the 35 mm TP-T projectile using both the implicit and the explicit form of the MPMTM. The parameters of the model and initial conditions for the differential equations of motion used are presented in Section 3. We also compare the time needed by both models to generate trajectories for different elevation angles.
Results for standard atmospheric conditions
Figures 2a and 2b present trajectory projections on the vertical and horizontal plane, respectively. An assumption has been made that there is no wind within the integration interval. Based on the plotted trajectories one cannot unambiguously decide whether there are any differences between two models. In order to analyze the results in a more detailed way, differential equations of motion where have been integrated using a non-stiff fourth-order Runge-Kutta solver. While comparing the models presented in Section 2, it is important to remember (when the wind velocity is non-zero) that they return projectile velocities in different reference frames:
• explicit model returns velocity in the air-flow 3 reference system,
• implicit model returns velocity in the the anti-aircraft gun reference system. Air-frame reference system has been chosen as the most convenient for calculations 
Results for standard atmospheric conditions with tail wind
Figures 6a and 6b present trajectories projections in the case of the presence of homogeneous tail wind blowing with the velocity 10 m/s (other conditions remain the same as described in 4.1). Tables 9-12 present exemplary results of the projectile trajectory calculations using both forms of the MPMTM. Absolute differences between the respective values are shown in the tables as well as in Fig. 7 . 
Calculation time
Another aspect that we have taken under consideration is the runtime needed for the necessary computations. Figure 8b shows the time needed for trajectory generation for different elevation angles: 10 to 710 mil with the interval of 20 mils. As mentioned before, the differential equations have been integrated using the non-stiff fourth-order Runge-Kutta solver ode45. The stopping condition for numerical integration was the moment when the projectile reached the point of fall 4 . As it can be seen, the explicit model needs much less time (up to 4 times less) to calculate the trajectory. Figure 8a shows statistics drawn from the ode45 solver -the aggregate number of steps (both successful and failed). One can easily notice that the solver needs much less time 4 The point of intersection between the trajectory and the weapon level surface STANAG 4119, 2007 for the explicit form of MPMTM despite a similar number of steps and function evaluations (Fig. 8a) .
Conclusions
The aim of this paper is to compare an implicit form of the MPMTM with the explicit one, which was derived by Baranowski et al. (2016) . As it is shown in Section 4, simulations of the 35 mm TP-T projectile trajectory gives the same results for both model forms in the following cases:
• standard atmosphere without the presence of wind within the whole integration interval;
• standard atmosphere with homogeneous side wind within the whole integration interval;
• standard atmosphere with homogeneous tail wind within the whole integration interval.
Furthermore, it is shown that the explicit MPMTM can integrate differential equations of motion up to 4 times faster than the implicit form, which is solely attributed to the fact that the explicit analytic formula for the yaw of repose has been derived. This freed us from the cost of unnecessary FLOPS needed to approximate α e . The great reduction of runtime in the explicit model is of great importance and can significantly enhance the process of aerodynamic coefficients identification. This process, based on ammo data and firing tables (ground and anti-aircraft), needs time consuming calculations, i.e. finding local minima of complicated functions (given by ODEs) in multi-dimensional parameter spaces, with the impossible aim of finding the global minimumthe ideal fit. Moreover, an explicit formula does not have convergence issues which might appear in the implicit method. It seems justified to apply the explicit form of the MPMTM to the identification process of aerodynamic coefficients on which we will focus in our future work.
